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In this paper, a full three-dimensional (3D) ﬁnite element Cosserat formulation is devel-
oped within the principles of continuum mechanics in the small deformation framework.
The developed ﬁnite element formulation is general; however, the proposed constitutive
laws incorporate the effect of the internal length parameter of 3D layered continua. The
extension of the existing two-dimensional (2D) Cosserat formulation to the 3D framework
is novel and is consistent with plate theory which can be considered as the 3D version of
beam theory. The results demonstrate a high level of consistency with the analytical solu-
tions predicted by plate theory as well as predictions by alternative numerical techniques
such as the discrete element method.
 2008 Published by Elsevier Inc.1. Introduction
In computational solid mechanics, two main approaches have been adopted to simulate layered materials: (i) tech-
niques which explicitly model the discontinuous nature of the material, e.g., the Discontinuous Displacement Analysis
(DDA), the Discrete Element Method (DEM), the Finite Element Method (FEM) or the Finite Difference Method (FDM),
which utilize interface or contact technology, and (ii) the FEM or FDM equivalent continuum model. In the discontinuous
methodology, joints are explicitly simulated. Naturally, discrete techniques provide a more accurate description of discon-
tinuous materials. However, they are complex and necessitate care in modeling of the interface. It is widely accepted that
inappropriate selection of interface elements in many cases leads to regions of unrealistically high stress gradients and
erroneous results. Also, in many applications, the deﬁnition of the input model becomes impractical as the number of joints
becomes large.
In the equivalent continuum technique, the properties of the interface are smeared with the properties of the intact ma-
trix, and the discrete material is replaced by a homogeneous continuum. The equivalent continuum technique based on clas-
sical continuum theory does not take into account the effect of the internal length scale, which is an intrinsic characteristic of
layered materials and consequently, is suitable to the cases where no slip occurs at the interface of the layers or when the
internal length scale of the problem is negligible compared to the dimensions of the engineering structure. As a result, in
order to have an accurate continuum-based description of the physical behaviour of materials with microstructures, it is nec-
essary to use higher-order gradient theories, such as Cosserat theory that reﬂect the discontinuity in deformation at the
interface of the layers and the consequent internal length effect in their governing equations of the system.y Elsevier Inc.
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researchers [2–4] contributed to the theoretical aspects of micropolar theories [5]. Micropolar theory is based on the
assumption that micromoments exist at each point of the continuum. A direct consequence of this assumption is that the
stress tensor is generally not symmetric and the difference in the shear components of stress is equilibrated by micromo-
ments. In Cosserat theory, one of the mathematical models describing the mechanics of general micropolar continua, each
point of the continuum is associated with independent rotational degrees of freedom in addition to translational degrees of
freedom. The basic kinematics variables of Cosserat theory are the displacements, the ﬁrst-order displacement gradients, the
microstructural rotations, and the rotation gradients. Higher-order displacement gradients are not considered. One of the
ﬁrst numerical applications of Cosserat theory was to the analysis of localization of shear bands in granular materials
[6,7] because the link was made between the kinetic and kinematic variables of the Cosserat theory and the physical behav-
iour that occurs in particulate material [8]. Research in the theoretical and numerical aspects of Cosserat theory of particu-
late and granular continua continues to grow. More recently, the Cosserat formulation of granular materials has been
extensively studied against the discrete models [9,10], and the FEM Cosserat model was further enhanced using an adaptive
remeshing technique [11]. Also, from a theoretical point of view, a series of interesting discussions were focused on the
asymmetrical nature of stress and the physical signiﬁcance of micromoments in granular materials [12,13]. The application
of micropolar theory to the FEM analysis of layered and blocky materials was proposed by Mühlhaus [14,15]. Subsequently,
Adhikary et al. [16–21] showed promising results in elastic, elasto-plastic, and buckling analyses of layered geomaterials in a
2D framework. Also, the model has been successfully applied to the FEM analysis of blocky materials and the formulation is
compared with the discrete models [22–24]. Finally, it should be mentioned that a more general form of Cosserat theory of-
ten referred to as the theory of directed media has been applied with much success to the static, thermo-mechanical, and
dynamic analysis of 3D components such as Cosserat points, shells, and rods. In this method, a position vector along with
a number of director vectors that are free to rotate and stretch are applied to represent the deformation of a 3D continuum
which is relatively thin in speciﬁc directions [25–28], also see [29,30].
This paper presents a full 3D ﬁnite element formulation of a Cosserat continuum in the small deformation framework. The
mathematical formulation follows the general framework proposed by Steinmann [31]. In addition to the extension of the
FEM formulation, a set of constitutive equations are proposed that incorporate the effect of the internal length scale in
3D layered media. The proposed constitutive equations are based on the mechanical consideration of plate theory. Following
this self-contained introduction, in Section 2, fundamentals of the Cosserat continuum, Cosserat rotations, and measures of
strain and stress are discussed. Section 3 provides a detailed FEM formulation of the enhanced continuum. Section 4 explores
the mechanics and the constitutive equations of a 3D layered media. In Section 5, a number of numerical examples verify the
accuracy of the proposed FEM Cosserat formulation against analytical solutions in analyses of composite plate structures.
Finally, the model is applied to the analysis of an excavation in layered rock, and the results are compared to the predictions
of the discrete element method.
2. Cosserat continuum
2.1. Cosserat rotation
Compared to a classical continuum, an enhanced or Cosserat continuum is obtained by adding a rotation to each point of
the continuum. Cosserat rotation, Rc1, is deﬁned as the independent rotation of a rigid triad attached to each material point
which rotates independently with respect to the material triad in a 3D space. The representation of micropolar rotation in
its most general form follows [31]:1 Not
componRc ¼ expðspnðhcÞÞ; ð1Þ
where hc is the axial vector of rotation, or the independent rotation vector, and deﬁnes the axis of rotation with rotation an-
gle hc. hc can be expressed by:hc ¼ hiei; ð2Þwhere ei is the ith component of the base vector, and rotation angle hc is deﬁned as:hc ¼ hck k: ð3ÞThe skew symmetric tensor associated with the axial vector is expressed by:spnðhcÞ ¼ e  hc; ð4Þ
where e is the permutation symbol, and thus Eq. (4) and can be expressed in the following matrix form:e: within this text bold notation represent vector or tensor quantities; single sub-index refers to components of vectors and double sub-indices denote
ents of second rank tensors or matrices.
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0 h3 h2
h3 0 h1
h2 h1 0
0
B@
1
CA: ð5ÞThe mathematical deﬁnition of the rotation tensor, Rc, is:Rc ¼ expðspnðhcÞÞ ¼ cosðhcÞIþ sin h
cð Þ
hc
spnðhcÞ þ 1 cos h
cð Þ
ðhcÞ2
hc  hc: ð6ÞIn 2D framework (x1,x2), the above formula reduces to:Rc ¼
cosðh3Þ  sinðh3Þ 0
sinðh3Þ cosðh3Þ 0
0 0 1
0
B@
1
CA: ð7ÞHowever, in 3D Rc should be approximated using the following series expansion:expðf ðxÞÞ ¼
X1
n¼0
1
n!
ðf ðxÞÞn: ð8ÞIn a small rotation framework, the rotation matrix, Rc, is approximated by the following:Rc ﬃ Iþ spnðhcÞ ¼
1 h3 h2
h3 1 h1
h2 h1 1
0
B@
1
CA: ð9Þ2.2. Micropolar strain
The strain measure, c, is expressed in indicial notation as:cij ¼ uj;i  eijkhk; ð10Þ
where eijk is the permutation symbol. Using the above formula, the strain components can be expressed by:c11 ¼
ou1
ox1
; c22 ¼
ou2
ox2
; c33 ¼
ou3
ox3
;
c32 ¼
ou2
ox3
þ h1; c23 ¼
ou3
ox2
 h1;
c31 ¼
ou1
ox3
 h2; c13 ¼
ou3
ox1
þ h2;
c21 ¼
ou1
ox2
þ h3; and c12 ¼
ou2
ox1
 h3: ð11Þ2.3. Micropolar curvature
In a continuumwith microstructures, in addition to the rotation of the rigid triad with respect to the material triad, which
is deﬁned as the Cosserat rotation, the variation of rotations of the adjacent triads is a second measure of deformation, re-
ferred to as curvature. Curvature is a third-order tensor and corresponds to the following mathematical deﬁnition [31]:j ¼ ðRcðRcTrÞÞ or jijs ¼ RcikRcjk;s: ð12Þ
However, the third-order curvature measure is anti-symmetric with respect to the interchange of the ﬁrst two indices,
thus it can be reduced to a second-order tensor using the following notation:jls ¼ 12 elijR
c
ikR
c
jk;s
 
: ð13ÞUsing Eq. (9) and replacing Rc into Eq. (13), and by disregarding any higher-order terms of rotation, the expression for the
second-order curvature tensor becomes:j ¼
j11 j12 j13
j21 j22 j23
j31 j32 j33
0
B@
1
CA ¼
h1;1 h1;2 h1;3
h2;1 h2;2 h2;3
h3;1 h3;2 h3;3
0
B@
1
CA ¼ hci;j: ð14Þ
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Fig. 1. 3D representation of stress and couple stress measures.
A. Riahi, J.H. Curran / Applied Mathematical Modelling 33 (2009) 3450–3464 34532.4. Governing equations, micropolar stress, and micropolar couple-stress
Micropolar or Cosserat theory assumes that micromoments exist at each point of the continuum. In Cosserat theory, equi-
librium of forces and equilibrium of moments are expressed in the following form [32]:rij;i þ bj ¼ 0; ð15Þ
mk þ lkj;j þ ekijrij ¼ 0; ð16Þwhere b is the body force, m is the body couple moment, and r and l are Cosserat stress and Cosserat couple stress, or
moment stress, respectively. The stress variable r is analogous with Cauchy stress of the classical continuum. Fig. 1 shows
the representation of stress and couple stress measures in 3D. The ﬁrst subscript of the stress refers to the direction of the
surface normal pertinent to the surface on which the stress acts. The second subscript of the stress refers to the direction
that the stress acts. The ﬁrst subscript of couple stress or moment stress refers to the axis around which it rotates, while
the second subscript denotes the surface on which the moment stress acts. The notation adopted for stress tensor com-
ponents is similar to the standard notation used in classical continuum theory; however, it is different from adopted nota-
tion of some of the previous works on Cosserat theory referred in this work [15–22]. The notation adopted for couple
stresses is compatible with most literature on Cosserat theory, however, it differs from the standard notation used in plate
theory, where subscript of moments refer to the stress components of which they are produced (i.e., Mx ¼
Rþh=2
h=2 rxxzdz, see
Ref. [33]).
In the absence of body couple moment, and when couple stress terms are self equilibrated Eq. (16) reduces to the follow-
ing [22]:ekijrij ¼ 0 or rij ¼ rji: ð17Þ
The condition expressed by Eq. (17) implies that the symmetry of Cauchy stress and its work conjugate strain measure is
preserved, and the Cosserat continuum reduces to the classical continuum. Symmetry of stress and strain tensors also leads
to minor symmetry of elasticity. The micropolar theory of elasticity, or theory of generalized continua, disregards this
assumption.
The stress vector or stress traction and the couple stress vector or moment traction are deﬁned by:tr ¼ r  n and tm ¼ l  n; ð18Þ
where n is the normal vector to the surface in current coordinates.
3. Finite element formulation
In the FEM formulation of a Cosserat continuum, each node is associated with three displacement and three rotational
degrees of freedom. The vector of nodal degrees of freedom for the Nth node is deﬁned as:u h
 
N ¼ u1 u2 u3 h1 h2 h3
 
N: ð19Þ
Using a notation similar to Voigt notation, the second-order strain and curvature tensors can be expressed in the follow-
ing vectorial form:c ¼ c11 c22 c33 c23 c32 c13 c31 c12 c21½ ;
j ¼ j11 j22 j33 j23 j32 j13 j31 j12 j21½ : ð20ÞFinally, using FEM discretization techniques and interpolation function, /, the strain and curvature ﬁeld can be interpo-
lated with respect to the vector of nodal degrees of freedom, u and h through:c
j
 
¼ BN
uN
hN
 
: ð21ÞThe operator BN has a block structure and is expressed in the following form:
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BN1 BN2
½093 BN3
 	
: ð22ÞwithBN1 ¼
/N;1 0 0
0 /N;2 0
0 0 /N;3
0 0 /N;2
0 /N;3 0
0 0 /N;1
/N;3 0 0
0 /N;1 0
/N;2 0 0
0
BBBBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCCCA
; BN2 ¼
0 0 0
0 0 0
0 0 0
/N 0 0
þ/N 0 0
0 þ/N 0
0 /N 0
0 0 /N
0 0 þ/N
0
BBBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCCA
; and BN3 ¼
/N;1 0 0
0 /N;2 0
0 0 /N;3
0 /N;3 0
0 0 /N;2
/N;3 0 0
0 0 /N;1
/N;2 0 0
0 /N;1 0
0
BBBBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCCCA
; ð23Þwhere /N is the shape function for the Nth node and is used for interpolation of both the displacement ﬁeld and the rotation
ﬁeld.
In small deformation analysis, the internal force is deﬁned as:Fint ¼
Z
V
BTN ½r; ldV ¼
Z
V
ðBTN1rþ BTN2rþ BTN3lÞdV : ð24ÞFinally, the material stiffness matrix is deﬁned in the following form:KmatNM ¼ BTNDBM; ð25Þ
where D is a block diagonal matrix which relates the stress and couple stress measures to their work conjugate measures:
strains and curvatures, respectively, through proper constitutive laws D1 and D2. In the local coordinate system, denoted by ^
sign, the constitutive laws are deﬁned as:r^
l^
 	
¼ D
_ e^
j^
 	
¼ D
_
1 ½099
½099 D2
 !
e^
j^
 	
: ð26ÞIn 3D analysis, in order to obtain the D1 and D2, a fourth-rank transformation rule should be applied to both D
_
1 and D
_
2. Using
Eqs. (25) and (26), the material stiffness matrix can be expressed in the following form:KNM ¼
BT1ND1B1M B
T
1ND1B2M
BT2ND1B1M B
T
2ND1B2M þ BT3ND2B3M
 !
: ð27Þ4. Constitutive equations
4.1. Layered plates
For the derivation of the components of the elasticity tensor an equivalent continuum concept is applied in which it is
assumed that the intact material comprising the layers and interfaces interact similar to a number of springs in series
[34,35]. In the Cosserat continuum, shear stresses are not symmetric. Also, in addition to the true stress tensor, a couple
stress tensor is assumed to exist at each point of the material. Cosserat theory and classical theory differ in the way that
shear stresses are distributed and in the way that micromoments are related to their work conjugate curvature measures.
In the Cosserat formulation, the constitutive equations of the equivalent continuum should be modiﬁed and the additional
Cosserat parameters should be determined based on the mechanical response of a material with a particular microstructure.
The successful application of Cosserat theory is due to the fact that the link can be made between the kinetic and kinematic
variables of a Cosserat continuum and the physical behaviour of materials with a microstructure such as particulate, blocky,
or layered materials.
When deriving the constitutive equations for a layered continuum, it is assumed that the microstructure follows a
sequential pattern with a constant thickness for all layers. In order to derive the additional Cosserat parameters of a layered
medium, the mechanical model of a stack of interacting plates is considered. Fig. 2a shows a representative element of a
Cosserat layered material and the non-zero stress and couple stress measures acting on it. The intention of this section is
to derive a set of constitutive parameters that describe the behaviour of this element of material. The mechanical response
of each layer of the material is similar to a plate. A single thin plate, with normal vector e
_
3, is shown in Fig. 2b.
(a) (b)
Fig. 2. (a) 3D representative volume of a Cosserat layered continuum and the nonzero stress and couple stress components acting on it and (b) 3D
representation of mechanics of a single plate.
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A direct consequence of the assumptions expressed by Eq. (28) is that all curvature measures corresponding to h^3 can be
neglected, i.e.:j^31 ¼ j^32 ¼ j^33 ¼ 0: ð29ÞIn plate theory, in addition to the bending moments, twisting moments need to be accounted for [33]. The curvature
changes to the deﬂected middle surface of a plate are expressed by:kx ¼  o
2w
ox2
; ky ¼  o
2w
oy2
; and v ¼  o
2w
oxoy
; ð30Þwhere w is the deﬂection and v represents the warping of the plate, and is equal to zero if the twisting mechanism is ne-
glected. In the Cosserat formulation of materials with plate-like microstructures, the curvature measures due to the twisting
of the section are represented by h
_
i;i, while the curvature measures due to the bending are represented by h
_
i;j . Finally, since it
is intended to simulate the behaviour layered continua with moderate layer thickness, in the following derivation of the con-
stitutive equations, the membrane behaviour is disregarded.
Considering the mechanics of a plate depicted in Fig. 2b, it can be interpreted that part of each shear stress component
across the thickness of the layer, e.g., r
_
13, is in equilibrium with its conjugate shear component, i.e., r
_
31, and is related to the
corresponding strain components through the shear coefﬁcient of the equivalent continuum, G11, expressed by [34]:r
_
31 ¼ G11ðc
_
13 þ c
_
31Þ; r
_
32 ¼ G11ðc
_
23 þ c
_
32Þ with G11 ¼ 1 1Gþ
1
hks
 	

¼ Ghks
Gþ hks ; ð31Þwhere h is the layer thickness, kn and ks are the normal and shear stiffness of the interface, and G is the shear modulus of the
intact material. However, the stress occurring across the thickness of the layer has a contribution from the bending of the
layers, which is related to c
_
13 through the shear modulus of the intact material comprising the individual layers, i.e., G. Thus,
the stress component in the direction of the layers then can be expressed as:r
_
13 ¼ G11ðc
_
13 þ c
_
31Þ þ Gc
_
13; r
_
23 ¼ G11ðc
_
23 þ c
_
32Þ þ Gc
_
23: ð32ÞIn Cosserat theory, the couple stress measures or micromoments also need to be deﬁned with respect to their work con-
jugate curvature measures. Using the mechanics of a single plate element, it can be concluded that the nonzero couple stress
measures in a layered medium represented in Fig. 2a are l
_
21 and l
_
12 which are due to the bending mechanism, and l
_
11 and
l
_
22 which are due to the twisting mechanism. The nonzero bending couple stresses, l
_
21 and l
_
12 can be related to the cur-
vature of the system through the bending stiffness of the interacting layers, as follows:l
_
12 ¼ Bðj
_
12 þ mj
_
21Þ and l
_
21 ¼ Bðj
_
21 þ mj
_
12Þ where B ¼ Eh
2
12ð1 t2Þ
G G11
Gþ G11
 	
; ð33Þwhere m is the Poisson’s ratio of the intact material comprising the layers and reﬂects the Poisson effect on the bending mo-
ments. The curvature measures j^11 and j^22 are analogous with the curvature measure v in plate theory. Thus, the twisting
couple stresses are related to their corresponding curvature measures through:l11 ¼ ð1 mÞBðj
_
11Þ and l22 ¼ ð1 mÞBðj
_
22Þ: ð34ÞUsing the above arguments and assuming isotropic behaviour for the individual plate, D
_
1 and D
_
2 matrices, deﬁned by Eq.
(26), are expressed in the following forms [35]:
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_
1 ¼
An ½036
½063 AG
" #
; An ¼
A11 A12 A13
A21 A22 A23
A31 A32 A33
2
64
3
75; AG ¼
G22 G11 0 0 0 0
G11 G11 0 0 0 0
0 0 G22 G11 0 0
0 0 G11 G11 0 0
0 0 0 0 G11 G11
0 0 0 0 G11 G11
2
6666666664
3
7777777775
; ð35Þ
D
_
2 ¼
ð1 mÞB 0
0 ð1 mÞB
" #
½025
½052 ½055
2
664
3
775 ½072
½027
B mB
mB B
" #
2
666666664
3
777777775
: ð36ÞwhereA11 ¼ A22 ¼ E
1 m2  m
2ð1þ mÞ2
ð1 m2 þ E=hknÞ
; A33 ¼ ð1 mÞE
ð1þ tÞð1 2tÞ  ð1 tÞEðE=hknÞ
;
A12 ¼ A21 ¼ mEð1þ mÞð1 2mÞ þ ð1 mÞE=hkn ;
A13 ¼ A31 ¼ A23 ¼ A32 ¼ EmðEþ hknð1 vÞÞð1 vÞð2hknv2  ð1þ vÞðEþ hknÞÞ ;
G11 ¼ GhksGþ hks ;G22 ¼ Gþ G11; B ¼
Eh2
12ð1 t2Þ
G G11
Gþ G11
 	
: ð37Þand E is the Young’s modulus. It should be noted that coefﬁcients of Aij and G11 are similar to those in a classical material
while additional Cosserat parameters are G22 and B which incorporate the effect of non-symmetrical stresses and bending
stiffness of the layers. Two limit cases are of special interest: ﬁrst, if plates are non-interacting then kn?1 and ks? 0,
and the bending stiffness of the system is equal to the sum of the bending stiffnesses of the individual layers; second, in
the case, where ks?1, the second parenthesis of B expressed by Eq. (33) will approach zero, and the effect of bending stiff-
ness vanishes. In this case, the Cosserat formulation reduces to the classical continuum formulation. For a comprehensive
study on the derivation of the two Cosserat parameters in a layered beam refer to Zvolinski and Shkhinek [36].
Finally, it should be noted that the rotation measure h
_
1 and the corresponding rotation measure in plate theory [33], are
opposite in signs. So, in order to use the above proposed constitutive equations, it is necessary to change the sign of the ﬁrst
column of BN3 in Eq. (23).
The major difference between 2D and 3D formulations of the Cosserat continuum lies in the complications created by the
3D nature of the rotation vector. In a 2D analysis, the local coordinate of the Cosserat rotation always coincides with the out
of plane axis of the global coordinate system. However, in a 3D analysis of an arbitrarily-orientated plate or beam, in spite of
the simpliﬁcations involved in the 3D formulation of Cosserat rotations in the local coordinate system, generally, the projec-
tion of the rotation vector on the global coordinates results in 3 components. Consequently, for an arbitrarily-oriented plate
or beam, all 9 components of the curvature tensor should be preserved in the FEM formulation. Therefore, under a rigid body
rotation, stress, couple stress, strain, and curvature tensors follow the transformation rule of second-order tensors, and
transformation of D
_
1 and D
_
2 follows the transformation of fourth-rank tensors, as:Dð1Þijkl ¼ QimQjnQskQrlD
_
ð1Þmnsr;
Dð2Þijkl ¼ QimQjnQskQrlD
_
ð2Þmnsr;
ð38Þwhere Q is the orthogonal transformation tensor. In 2D formulation, however, curvature transformation follows the rule of
transformation of a ﬁrst-order tensor or a vector quantity and therefore, transformation of D
_
2 follows the transformation rule
of a second-order tensor.
5. Numerical examples
This section demonstrates the capabilities and accuracy of the FEM Cosserat model in predicting the deformation of lay-
ered structures. The ﬁrst three examples concern layered plate structures with various geometry and boundary conditions
for which an analytical solution or an approximation to the analytical solution is available. The effect of layer thickness and
the interaction of layers were investigated using these examples. The last example concerns 3D analysis of an excavation in
layered rock with arbitrarily-oriented layers. The predictions of the Cosserat model in this case, are veriﬁed against the re-
sults predicted by the discrete element method [37].
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This example concerns a layered strip plate subjected to a 1 MPa transverse shear traction applied to the end of the plate.
The geometry, boundary conditions, and FEM discretization are shown in Fig. 3. The Young’s modulus and the Poisson’s ratio
of the layers are chosen to be 20 GPa and 0.3, respectively. The plate has a length of 2 m, a height of 0.25 m, and is divided
into N horizontal layers independent of the number of elements used across the thickness. It should be noted that some val-
ues for N, result in partial layers in the given structure, which may not be physically meaningful. Due to the boundary con-
ditions in the x2 direction, the plate behaves as an extruded beam.
In order to study the effect of slip at the interface, the bending stiffness of the layers, and mechanics of a Cosserat con-
tinuum two series of tests were performed. In the ﬁrst series of tests, it is assumed that the beam shown in Fig. 3 is divided
into 4 layers (N=4), each with a thickness of 0.0625 m. The shear stiffness of the interface, ks, varies from zero to a very a large
value (1e15 MPa/m). Fig. 4 shows the vertical displacement at the tip of the beam vs. log (ks). Over the entire range of ks, the
results were compared to the results predicted by the FEM explicit joint model using the Phase2 FEM package [38]. For the
case where the shear stiffness of the joints is equal to zero, the extruded beam behaves similar to a stack of 4 non-interacting
beams, while for very large values of ks the model reduces to a homogeneous thick beam with a depth of 0.25 m. For these
two limit cases, where ks? 0 and ks?1, the deﬂection of the tip of the beam predicted by Cosserat solution is compared to
the analytical solution by Timoshenko and Goodier [39]:Fig. 4.
thickneu3ðlÞ ¼ 4ssl
3
Eh2
ð1 m2Þ: ð39ÞIn the second series of tests, it is assumed that ks = 0 while the number of layers, N, varies. For various values of layer
thickness, the displacements at the tip of the layered beam are compared to the analytical solution of Eq. (38). The results
are presented in Fig. 4b, and Table 1. The values of displacement predicted by the Cosserat solution are normalized by the
analytical values predicted by Eq. (38). Considering the speciﬁed boundary conditions and the condition of ks = 0 on the
interface between the layers, the Cosserat solution reduces to the solution of a single layer with a thickness of 0.25/Nand
with an equivalent load of pz/N, where N is not necessarily an integer number. Since in the Cosserat solution, the bending
stiffness of the layers is incorporated in the constitutive equations, the model behaves as a stacked plate with a non-integer
number of layers rather than a plate with (N1) layers of equal thickness and another layer of smaller thickness.
This example is one of the benchmarks that demonstrate the inability of the classical continuum model to represent the
behaviour of stratiﬁed media. Analytical solution of a similar example is presented by Adhikary and Dyskin [17]. It is clear0
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(a) Effect of the interaction of the layers on the vertical displacement of the layered strip plate (h = 0.0625 m,s = 100 KPa) and (b) effect of the
ss of the individual layers on the vertical displacement of the layered strip plate with non-interacting layers (ks = 0, s = 10 KPa).
Fig. 3. Geometry and boundary conditions for the layered strip plate.
Table 1
Displacements at the tip of the cantilever layered plate subjected to a shear force (ks = 0, s = 10 KPa).
Layer thickness (m) Timoshenko solution (mm) FEM Cosserat solution (mm) Normalized displacement of Cosserat solution
0.01 145.6 145.4 0.9988
0.02 36.40 36.37 0.9990
0.04 9.100 9.097 0.9996
0.06 4.044 4.046 1.000
0.08 2.275 2.277 1.001
0.1 1.456 1.458 1.002
0.12 1.011 1.014 1.002
0.14 0.7428 0.7453 1.003
0.25 0.2329 0.2349 1.011
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From a numerical point of view, in this case, using classical anisotropic continuum theory will result in very small values of
the shear modulus in the elasticity tensor and subsequent ill- conditioning of the stiffness matrix of the system. In the con-
text of the theory of elasticity, the direct consequence of prescribing zero values of ksat a speciﬁed direction is that no shear
stress can develop in that direction. Classical theory of elasticity postulates that the stress tensor is symmetric; as a result, no
shear stress can develop on the conjugate direction, which is the direction of applied shear force.
5.2. Convergence test
In this section, the effect of the element size on the accuracy of the FEM Cosserat solution and the relevance of the ele-
ment size to the layer thickness is investigated. The cantilever strip plate is discretized into 2, 7, 14 and 28 elements along
the length and into 1 and 8 elements across the thickness.
In the ﬁrst test, the layer thickness varies from 0.01 m to 0.25 m and consequently, the number of layers varies from 25 to
1. It is veriﬁed that when the ks = 0, the values of vertical displacements are totally independent of the number of elements
used along the thickness of the beam, however, it depends on the number of elements used along the axis of the beam. The
FEM mesh and the corresponding vertical displacements are presented in Fig. 5 and Table 2, respectively. In the second con-
vergence test, the value of ks is set to 10 MPa/m, and the strip plate consists of 4 layers with a thickness of 0.0625 m. In this
case, the beam is divided into 14 elements along the length and 1, 2, 4, 8 and 16 elements across the thickness. Values of total
displacement obtained from the Cosserat model are presented in Table 3.
In contrast to the ﬁrst convergence test, in this case values of total displacements presented in Table 3 indicate that the
FEM Cosserat solution is sensitive to the reﬁneness of the discretization across the depth of the beam. In this example, both
the FEM Cosserat solution and the FEM explicit interface element indicate that as the number of elements used along the
thickness increases, the values of total displacements increase. Compared to the FEM explicit joint model, the Cosserat solu-
tion exhibits a similar level of sensitivity to the mesh reﬁnement, which is independent of the ratio of the element size to
layer thickness. The result can be interpreted based on the fact that in the ﬁrst case, due to prescription of zero values of
ks, the solution becomes totally independent of x3 direction, and the distribution of all nodal and internal variables is uniform
for any cross-sectional plane at a ﬁxed distance in x1. As a result, the solution becomes insensitive to the number of integra-
tion points along the thickness of the plane. In the second convergence test, the variations of displacements and stress are
not uniform for each cross-sectional plane. Therefore, both the FEM Cosserat solution and the FEM classical solution with the
explicit interface elements become dependent on the number of elements used along this direction.Fig. 5. Finite element mesh discretization applied in the convergence test for a cantilever strip plate.
Table 2
Vertical displacement at the tip of the layered beam for various discretizations with ks = 0 (convergence test 1).
Layer Thickness (m) Displacement (mm)
B2-1a B2-8 B7-1 B7-8 B14-1 B14-8 B28-1 B28-8
0.01 1365 1365 1449 1449 1454 1454 1456 1456
0.02 341.4 341.4 362.3 362.3 363.7 363.7 364.0 364.0
0.04 85.47 85.47 90.66 90.66 90.97 90.97 91.02 91.02
0.06 38.07 38.07 40.34 40.34 40.46 40.46 40.47 40.47
0.08 21.47 21.47 22.72 22.72 22.77 22.77 22.78 22.78
0.10 13.79 13.79 14.56 14.56 14.58 14.58 14.59 14.59
0.12 9.610 9.610 10.12 10.12 10.14 10.14 10.14 10.14
0.14 7.091 7.091 7.446 7.446 7.453 7.453 7.455 7.455
0.25 2.279 2.279 2.355 2.355 2.356 2.356 2.356 2.356
a The ﬁrst number indicates the total number of elements used along the axis of the plate, while the second index indicates the total number of elements
used along the depth of the plate.
Table 3
Vertical displacement at the tip of the layered beam for various discretization with ks = 10 MPa/m (convergence test 2).
Displacement (mm)
B14-1a B14-2 B14-4 B14-8 B14-16
FEM Cosserat s solution 32.76 32.81 32.87 32.88 32.88
FEM explicit interface solution N/A N/A 33.20 33.42 33.69
a The ﬁrst number indicates the total number of elements used along the axis of the plate, while the second index indicates the total number of elements
used along the depth of the plate.
A. Riahi, J.H. Curran / Applied Mathematical Modelling 33 (2009) 3450–3464 3459Based on the two aforementioned tests, two aspects of the Cosserat solution become evident. First, no additional error is
introduced into the solution as a result of a relation between the element size and the layer thickness. It can be concluded
that the element size is totally independent of the layer thickness and the error which is introduced into the FEM Cosserat
solution due to the mesh discretization is the same error that is introduced to the FEM classical solution due to the spatial
discretization. Second, the displacement values predicted by the Cosserat solution are as accurate as the displacement values
predicted by the FEM classical model using the explicit joint elements.
5.3. Rectangular layered plate ﬁxed at all four edges subjected to a uniform transverse load
The layered plate in this case has a span of 1 m in both directions, a depth of 0.15 m, and is ﬁxed on all sides. The geom-
etry, boundary conditions, and mesh discretization used in this example are shown in Fig. 6. The Young’s modulus and the
Poisson’s ratio of the layers are chosen to be 20 GPa and 0.3, respectively. In order to simulate the non-interacting behaviour
of the layers, ks was set to zero, whilekn was chosen to have a relatively large value (kn/E = 1e10). The plate is divided into N
layers, where the number of layers, N, varies from 1 to 15. The Cosserat solution is compared to the analytical solution for a
single rectangular plate ﬁxed at all sides obtained from Szilard [33]:Fig. 6. Geometry, boundary conditions, and mesh for a layered plate subjected to a uniformly distributed load.
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with a ¼ 0:0138; ð40Þwhere lb is the width of the plate in the shorter direction and a is a coefﬁcient which depends on the boundary conditions,
the ratio of length to width, and the loading of the plate.
Due to the geometry and loading, as well as the non-interacting behaviour of the plates, it is expected that the deforma-
tion at the center of the stacked plate will be similar to the deformation of each of the individual layers of the plate with an
equivalent thickness of h/N and a transverse traction load of pz/N. As a result, the Cosserat solution was also veriﬁed against
the FEM solution of a single plate with an equivalent 0.15 /N thickness subjected to pz/ N, where pz is the magnitude of the
transverse load.
Fig. 7a and b shows the vertical displacements at the centre of the plate discretized into a coarse mesh (P4-3), and a ﬁne
mesh (P16-3), respectively. Also, the exact values of displacements, and the normalized values are presented in Tables 4 and
5. Graphs presented in Fig. 8a and b and indicate the dependence of vertical displacement on h2, where h is the thickness of
the individual layers, or the internal characteristic length of this problem. Using mesh 4-3, the results of both the Cosserat
FEM solution and the classical FEM solution of a single plate are considerably different from the predictions by the plate the-
ory and cannot be used for interpretation. Using mesh 16-3, however, the results show a high level of consistency with the
analytical solution based on plate theory presented by Eq. (39), except for the range of h > l/10, where l is the span of the
plate. It is clear that if the layer thickness is relatively large compared to the span of the plate, then the theory of thin plates
reaches its limits of validity, and application of the theory of moderately thick plates or a full 3D analysis is required. Also,
the results obtained from the Cosserat solution using both ﬁne and coarse discretizations indicate that if the twisting mo-
ments are disregarded in the constitutive equations, the Cosserat solution considerably overestimates the displacements.
In all cases, the results predicted by the FEM Cosserat solution are very close to the results of the FEM solution for a single
plate. Close correlation between the results of FEM Cosserat solution and the results of the FEM solution of a single plate
indicates that the spatial discretization error of FEM is carried over to the Cosserat solution.0.00
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(a) Maximum deﬂection versus layer thickness for a layered rectangular plate subjected to a uniformly distributed load with pz = 100 KPa and ks = 0
4-3) and (b) maximum deﬂection versus layer thickness for a layered rectangular plate subjected to a uniformly distributed load with pz = 100 KPa
0 (mesh P16-3).
ements at the center of a layered plate ﬁxed at all edges with pz = 100 KPa and ks = 0 (mesh P4-3).
hickness Plate theory
(mm)
FEM Cosserat solution
(mm)
FEM solution of a single plate
(mm)
Normalized displacement of Cosserat
solution
4.600 1.156 1.400 0.2512
2.044 0.8420 0.8284 0.4119
1.150 0.6135 0.6012 0.5334
0.736 0.4576 0.4474 0.6217
0.5111 0.3514 0.3431 0.6874
0.1840 0.1561 0.1520 0.8484
0.1278 0.1155 0.1123 0.9038
0.0817 0.0798 0.0775 0.9762
0.0460 0.0500 0.0485 1.086a
0.0204 0.0269 0.0263 1.317a
umptions of the theory of thin plates are not valid in this range.
Table 5
Displacements at the center of a layered plate ﬁxed at all edges with pz = 100 KPa and ks = 0 (mesh P16-3).
Layer thickness
(m)
Plate theory
(mm)
FEM Cosserat solution
(mm)
FEM solution of a single plate
(mm)
Normalized displacement of Cosserat
solution
0.01 4.600 4.566 4.515 0.9925
0.015 2.044 2.039 2.016 0.9972
0.02 1.150 1.152 1.139 1.002
0.025 0.7360 0.0741 0.7328 1.010
0.03 0.5111 0.5176 0.5117 1.013
0.05 0.1840 0.1914 0.1895 1.040
0.06 0.1278 0.1352 0.1340 1.058
0.075 0.0817 0.0891 0.0885 1.090
0.1a 0.0460 0.0532 0.0530 1.157a
0.15a 0.0204 0.0274 0.0275 1.343a
a Assumptions of the theory plate are not valid in this range.
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Fig. 8. (a) Geometry, boundary conditions, and mesh for a layered circular plate subjected to a uniformly distributed load and (b) maximum deﬂection
versus layer thickness for a layered circular plate subjected to a uniformly distributed load with pz = 100 KPa and ks = 0.
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single plate, but is representative of the behaviour of a 3D continuum with plate-like microstructure. Similarly, the FEM for-
mulation based on Cosserat theory, is not a replacement for plate or shell elements, but can be used as an alternative to a
combination of structural and interface elements. In general, the FEM simulation of layered plates can be performed by dis-
cretizing the problem into a combination of solid continuum, beam, plate or shell elements representing individual layers,
and by using interface elements along discontinuity surfaces.
5.4. Layered circular plate subjected to a uniform pressure on the top
The structure in this example has a radius, r0, of 1 m and a depth of 0.25 m, and is divided into N non-interacting layers
(see Fig. 8a). The Young’s modulus and the Poisson’s ratio of the layers are chosen to be 20 GPa and 0.3, respectively. The
Cosserat solution of this example is veriﬁed against the FEM solution of a single plate subjected to pz/N traction load and
also to the analytical solution of plate theory for an equivalent traction load of pz/N, obtained from Szilard [33]:MaxðwÞ ¼ ðpz=NÞr
4
0
64D
where D ¼ Eh
3
12ð1 t2Þ : ð41ÞGraphs of maximum deﬂection at the center of the circular plate versus layer thickness are depicted in Fig. 8b. Values of
maximum deﬂection predicted by the Cosserat solution, and the normalized values with respect to the analytical solution
are presented in Table 6. Similar to the previous examples, the FEM Cosserat solution for a circular layered plate shows a
high level of accuracy compared to the analytical solution and the classical FEM solution.
5.5. Three-dimensional analysis of an excavation in layered rock
This example is concerned with the effect of out-of-plane layers on the deformation and stability of an excavation. The
elastic response of a circular hole excavated in a layered rock with layers oriented in an out-of-plane direction is studied,
and the results are veriﬁed against 3DEC numerical package [40]. Fig. 9 shows the geometry, boundary conditions, and
the deﬁnition of the layer orientation of this problem. The length of the extrusion is 60 m and a distributed load with a
Table 6
Displacements at the center of a layered circular plate ﬁxed at all edges with pz = 100 KPa and ks = 0.
Layer thickness
(m)
Plate theory
(mm)
FEM Cosserat solution
(mm)
FEM solution of a single plate
(mm)
Normalized displacement of Cosserat
solution
0.02 8.531 8.271 8.072 0.9695
0.04 2.133 2.094 2.045 0.9817
0.0625 0.8736 0.8668 0.8476 0.9922
0.08 0.5332 0.5343 0.5231 1.002
0.12 0.2370 0.2446 0.2400 1.032
0.25a 0.0546 0.0661 0.0660 1.211
a Assumptions of the theory of thin plates are not valid in this range.
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Fig. 9. (a) Geometry, boundary conditions, and mesh discretization of the FEM Cosserat model and (b) 3DEC geometry of the input model and layers, for the
example of excavation in layered rock.
3462 A. Riahi, J.H. Curran / Applied Mathematical Modelling 33 (2009) 3450–3464magnitude of 100 MPa/m is applied to a width of 9 mon the top surface. Due to symmetry, in the FEM Cosserat model, half of
the model is simulated using 2430 isoparametric brick elements (20-noded).
The intact material is an isotropic rock with Young’s modulus of 20 GPa and Poisson’s ratio of 0.3. The effect of layer thick-
ness on the elastic response is studied for three different models with varying values of layer thickness: (a) hkn = 30 GPa,
hks = 300 MPa, h = 0 m, (b) hkn = 30 GPa, hks = 300 MPa, h=1.5 m, and (c) hkn = 60 GP, hks = 300 MPa, h = 3 m. Once again,
it is recalled that in case (a), by setting the layer thickness to zero, the bending stiffness of the layers becomes zero, and
the Cosserat model reduces to a classical transversely isotropic model, often referred to as ubiquitous joint model. For the
case, where h = 1.5 m, the geometry of the 3DEC models are shown in Fig. 9b. In the 3DEC model, in order to simulate the
deformability of the intact material comprising the layers, the blocks need to be discretized into zones. The number of blocks
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Fig. 10. Effect of layer thickness on the elastic response based on graphs of maximum displacement versus joint orientation.
A. Riahi, J.H. Curran / Applied Mathematical Modelling 33 (2009) 3450–3464 3463and number of zones in the 3DEC examples vary depending on the joint spacing and orientation; however, an approximate
number of 77,000 tetrahedrons were used in each example.
Fig. 10 shows the values of maximum vertical displacement of the tunnel roof for varying values of layer thickness and
orientation. In all cases, the FEM Cosserat model predictions are consistent with those obtained from 3DEC. It should be
noted that the discrete element technique of 3DEC is based on the integration of Newtonian equations of motion for indi-
vidual bodies, and therefore does not satisfy the minimization of the total energy of the system. In addition, dicretization
of blocks into zones is rather complicated, and the solution exhibits a high level of sensitivity to the size and quality of dis-
cretization. The results also indicate that, independent of the bending stiffness of the layers, for all of the aforementioned
problems, the most critical orientation occurs when joints are oriented horizontally. However, comparison of the results with
the FEM Cosserat model with zero bending stiffness, which is equivalent to a classical transversely isotropic elastic material
or a ubiquitous joint model, indicates that as the layers approach a horizontal orientation, the effect of layer thickness be-
comes more signiﬁcant in the system.
6. Conclusion
In this paper, a full 3D ﬁnite element formulation was developed for the analysis of a 3D Cosserat continuum. Also, a set of
new constitutive equations were proposed for a Cosserat material with a plate-like microstructure. It is clear that the for-
mulation is valid for different conditions of interaction between the layers. The only restriction, however, is that the layers
should follow a sequential pattern.
In this paper, the effects of the layer thickness, interaction of layers, ﬁnite element mesh size, and boundary conditions on
the accuracy of the solution were studied using three benchmark examples. The accuracy of the FEM Cosserat was estab-
lished against the analytical solutions and the FEM solution using interface elements. The FEM Cosserat model is also applied
to the 3D analysis of an excavation in layered rock, the result of the model are then veriﬁed against the predictions based on
the discrete element method.
A series of convergence tests demonstrate that element size can be totally independent of the layer thickness. However,
comparison of the results predicted by the Cosserat solution with those obtained from the FEM solution of a single plate
using the same mesh indicates that the error of the spatial discretization of the ﬁnite element solution is present in the Coss-
erat solution. The attractive aspect of the FEM Cosserat solution is the fact that the analysis can be performed using a mesh
discretization which is totally independent of layer thickness and orientation. Application of the proposed model is partic-
ularly desirable in 3D analysis, where geometric deﬁnition of the input model and interfaces is a demanding task. The results
show a high level of accuracy and suggest that the FEM Cosserat solution can be applied to 3D analysis of layered structures
in various ﬁelds including analysis of laminated and composite plates and problems involving layered geomaterials.
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